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Case Study 1

Case Study Setup:

Assur_ne in the world
coordlnat_es we have one colo_r
cube of size two, whose front is

red.
colorcube4 (): S
The front left right vertex
is at (0,0,0) Purple Cyan
~ Yellow
Goal:
We will observe how to do
simple shearing with the cube Yellow

without displacement using
shearing matrix.

Front View Side View Top View Diagonal View

Files Used:
Shearing.c, DrawCubes.c, DrawCubes.h, MyMatrix.c, MyMatrix.h
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First, Set up the Projection View

glMatrixMode (GL_PROJECTION) ; * This set up means two things:
glLoadIdentity () ;
glortho (-4.0,4.0,-4.0,
4.0,-4.0,4.0)7 — If the object is outside its

bounding box, it cannot be
viewed. If part of an object is
outside, that part cannot be
viewed.

— The camera is always in the
geometric center of its bounding
box. The camera cannot see
anything outside its box.
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XY direction shearing Matrix )
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MxyShear will lean the object towards x
direction.

Shxy:
Y increase by 1 unit, X increase by Shxy unit.
Shxy = tan(ShearingAngle)

For every P = (X,Y,Z) in the object, after
shearing P’ = (X’,Y’,Z')

X' =X+ Y*Shxy
Y=Y
=7

Example:

Shxy = tan(ShearingAngle) = 0.5
P=(0,,) = P =(00,0)
P=(0,20) = P=(1,2/0)

Shxy
1

I — I —
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=l ——

=S s

x L]
zf

B

Shxy = 0.5

Shearing Matrix
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Front View

Before A
Shearing: | ] . :
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Side View
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Diagonal View

Front View

After

Shearing: _'
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XZ direction shearing Matrix
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MxzShear will shear the object in x direction.

Shxz:
Z increase by 1 unit, X increase by Shxy unit.
Shxz = tan(ShearingAngle)

For every P = (X,Y,Z) in the object, after
shearing P’ = (X’,Y’,Z')
Shearing Angle
X =X+ Z*Shxz ng Angl
Y=Y
=2

Example:

Shxy = tan(ShearingAngle) = 0.5
P=(0,,) = P =(00,0)
P=(0,20) = P =(120)

P
1 0 She o |X X + Z*Shxz

0 1 0 o ¥ - ¥ -
0 0 1 0 Z Z

0 0 0 1 1 1

xl
zf

Shearing Matrix

X Y z
x| 1 0 0.5 0
Y| 0 | 0 0
_ Zl o 0 1 0
-  Case Study: Shxz = 0.5 o 0 o0 1
H RRARL JcamE H 3
HHH e Sy
I I 3 y ENN A
& b — " mLalF;: Y
1 =T RN
et
R IR
~~~~~ e SuEsssacasSHARaS
HaH
Front View Side View Top View Diagonal View
[ I R I [ O T I [ I [ Lial
Before [ . I I ‘ l
Shearing:
Front View Side View Top View Diagonal View
[T
After i L
Shearing:| - -
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Shearing Matrix

Y X direction shearing Matrix | b
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MyxShear will shear the object in y direction.

Shyx:
Xincrease by 1 unit, Y increase by Shxy unit.
Shxz = tan(ShearingAngle)

For every P = (X,Y,Z) in the object, after
shearing P’ = (X’,Y’,Z')

X =X sheari
¥ =y + X*Shyx Shearing Angle
Example: '

x=1

Shxy = tan(ShearingAngle) = 0.5
P =(0,0,0) = P'=(0,0,0)

P =(2,0,0) > P'=(2,1,0)

P P
1 0 0 0 X X X'
Shyx 1 0 0 Y| = | ¥Y+X*Shyx| = | Y
nmlu 1 0 Z z Z!
0O 0 0 1 1 1 1

Front View Side View Top View Diagonal View
= —T]
Before :::.' HEE ::’_" i_T
Shearing:| H | -
Side View Top View Diagonal View
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YZ direction shearing Matrix

A

0
Shyz

1

0

X
MyzShear= ¥
A

S -
S -
-

MyzShear will shear the object in y direction.

Shyz:

Z increase by 1 unit, Y increase by Shxy unit.

Shxz = tan(ShearingAngle)

For every P = (Xz,Y,Z) in the object, after
shearing P’ = (X’,Y’,Z')

X =X
Y’ =Y + Z*Shyz
=7

Shearing Angle

Y=05 "~

Example:

Shxy = tan(ShearingAngle) = 0.5
P =(0,0,0) 2> P'=(0,0,0)
P =(2,0,0) 2> P’=(2,-1,0)

X
Shyz = | Y+ ZE*Shyz
¥

1

=N
I — L —
Ll — I —
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. Example: Shyz = 0.5

Y ....... !
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Shearing Matrix
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Front View

Before C
Shearing| |

z=1

e T A T T T P

Side View

Top View Diagonal View

After

P Shearing: | . i
xp | N | B

Top View Diagonal View

zl

© 2004, Tom Duff and George Ledin Jr



ZX direction shearing Matrix

X ¥ Z
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MzxShear= |0 1 0 0
Eﬂln-ll 1 0
U | R 1

MzxShear will shear the object in Z direction.

Shzx: B
Xincrease by 1 unit, Z increase by Shxy unit. = L
Shxz = tan(ShearingAngle) 1 =H
For every P = (X,Y,Z) in the object, after H BH
shearing P’ = (X',Y",Z)) IEEEEEEE T l_ _________ '4:_:________ T
‘= | ¥ A
é, ;é Shearing Angle
Z' = Z + X*Shzx x=1 Front View Side View Top View Diagonal View
z=0.5
Example: Before W . ] 1 .
Shearing: T [T
Shxy = tan(ShearingAngle)=05 L e
P =(0,0,0) 2 P'=(0,0, 0)
P =(2,0,0) 2 P'=(20-1) Front View Side View Top View Diagonal View
P = pttrrrr I [
After . . _
11] 1“ 11] 3 ¥ ¥ ¥: Shearing: 1] . l | |
Sex 0 1 0| |Z Z+X*Shex | |2 W 5 5 T
o o o 1| |1 1 1

Shearing Matrix

X Y z
x| 1 0 0 0
vl 0 1 0 0
. = Z 05 0 1 0
Example: Shzx = 0.5 0 o0 0 1
3 *a

AT 0

T T T A
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Shearing Matrix

ZY direction shearing Matrix x

. Example: Shzx = 0.5

N

X ¥ £

x| 1 0 0
MzyShear= v| 0 1 0
z 0 Shey 1
(1] 0 0
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a=oe N
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MzyShear wil shear the cbject n Z direcin. S g BEr e

Shzy:
Y increase by 1 unit, Z increase by Shzy unit.
Shzy = tan(ShearingAngle)

PN

A
*-J_il
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3
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For every P = (X,Y,Z) in the object, after NN NN NE NN NN I NN NN
shearing P' = (X',Y",Z') ENENINNEENENNNNNNENL JEANNNN RN ENNNE R
. i NEEE NN NN NSRS Y AN

X = % Esh:u‘:lsnghngle
Y=Y .
Z =7+ Y*Shzy Front View Side View Top View

. m T e
Example: \ Before 5 T D i O O Al ~

Shearing: | S A O S T Ny O N

Shxy = tan(ShearingAngle) = 0.5
P =(0,0,0) 2> P'=(0,0,0)
P =(0,2,0) 2 p=(0,2

Front View Side View Top View Diagonal View

| After [N
X' Shearing:|

Z + Y*Shzy Z

I
Ll — N — O —]

1]

1
Shay

0

)
[
[
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Case Study 2

Case Study Setup:

Assur_ne in the world
coordlnat_es we have one colo_r
cube of size two, whose front is

red.
colorcube4 (): £
The front left right vertex
is at (0,0,0) Frrgla e
~ Yellow
Goal:
We will observe how to shear
and move the cube at the same Yellow

time using shearing matrix.

Front View Side View Top View Diagonal View

Files Used:
Shearing.c, DrawCubes.c, DrawCubes.h, MyMatrix.c, MyMatrix.h
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Shearing Matrix

X Y L
XY direction shearing Matrix with displacement 1 025 8 a21)
«  Case Study: Shxy = 0.25, Yref = -1 g g : 'fll

Yl'fr ZZZZZZZZZZZZZ:HJZZZZZZZZZZZZZZZEEZZEEE I W
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MxyShear will lean the object towards x
direction.

h—
.-
1
F

Shxy:
Y increase by 1 unit, X increase by Shxy unit.
Yref:

I 0™ ™ I O
L

Shearing reference point on Y axis

For every P = (X,Y,Z) in the object, after : HHHHHHHH HHH
shearing P’ = (X',Y’,Z’) T e T e o A

Top View

X =X+ Shyx * (Y - Yref) =05 Front View Side View
Y=Y
=7 ] i .
1 Before ] | |
. Shearing: L) . | |
Example:

Shxy = tan(ShearingAngle) = 0.5
P =(0,0,0) 2> P=(0,0,0)
P =(0,2,0) 2> p'=(0,2,1.5)

Front View Side View Top View Diagonal View

e | M- L0 g
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Shearing Matrix

XZ direction shearing Matrix with Displacement , ; |

Z . Case Study: Shxz = 0.5, Zref = 1 }

Shxz  -Shxz*Zref
(1] (1]

0
1
0
0

[ —

MxzShear =

Z

0.5 -0.5%1)
00

1 0
01

B e
e
B

MxzShear will lean the object towards x
direction.

Shxz: e e EeEeEiEienanees
Z increase by 1 unit, X increase by Shxz unit.
Yref:

Shearing reference point on Z axis

INEEEE

For every P = (X,Y,Z) in the object, after
shearing P’ = (X’,Y’,Z')

X =X
Y=Y
Z’' = Z + Shzx * (Z - Zref)

Front View Side View Top View

Before

Example: Shearing: T O ]

Shxy = tan(ShearingAngle) = 0.5 - g .
P=(0,00) > P'=(-050,0) Front View Side View Top View

P =(0,2,0) > P =(-152,0) g::;ring: ...... :
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YX direction shearing Matrix with Displacement

N

Example: Shyx = 0.5, Xref = -1

Shearing Matrix

Y 7z
0 0
1 0
0 1
0 0

S oS-
n

0
0.5%(-1)

0

1

X

1.
MyxShear = y| Shyx

z 0

0

-
- N

MyxShear will lean the object towards Y direction.

(1]

'Eh}"-l*w‘ T T T 2 Y A
1] T
1 |

Shyx:
Xincrease by 1 unit, Y increase by Shxy unit.

Xref:
Shearing reference point on X axis

NP SN NN

0 T Y Y I

I SRR
y

For every P = (X,Y,Z) in the object, after shearing P’
= (X!,Y!,Z!)

X =X
Y’ =Y + Shyx * (X — Xref)
z=Z

Shearing Angle

Example:

]

x=1

Shxy = tan(ShearingAngle) = 0.5
P =(0,0,0) = P’'=(0,0.50)
P =(2,0,0) 2> P’=(2,1.50)

0.5

Before
Shearing:

After
Shearing:

Front View

N E N

Side View

Top View

Diagonal View
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YZ direction shearing Matrix with Displacement

z

0 0
Shyz
1 0
0 1

MyzShear =

N
N
== -

MyxShear will lean the object towards Y direction.

Shyz:

Zincrease by 1 unit, Y increase by Shyz unit.
Zref:

Shearing reference point on Z axis

For every P = (X,Y,Z) in the object, after shearing P’ =

X,Y,Z’)

X =X
Y’ =Y + Shyz * (Z - Zref)
z=Z

Y=05

Example:

Shxy = tan(ShearingAngle) = 0.5
P =(0,0,0) 2 P’=(0,-0.5,0)
P =(-2,0,0) 2> P'=(-2-15)0)

Shearing Angle

. Example: Shyz = 0.5, Xref = 1

e

Shearing Matrix

X Y

0
1
0
0

[——

z

1 0

0.5 -0.5%1)
1 0

0 1

Side View

Before -
Shearing; T

-shyz*Zref o N EEWEE HH-HH
O
EEEE IEEEEEEEEEEEEEEF HH s H
! T ::..::::mm-:::::::::[)ii".‘ﬁ'i INENEN . YN I
RSP YA I RN RS Y A S
FEHHH HHHHH H ¥ Zam EmEEE amEmE, HH
. > -2 ' 1’ . -
WAEE (WA Anw 1| -1 3 H NN ni T FI T+

T H _1.5_:15 TR
-+
mmmL 4 - - I N ENNNENENEEREE

Top View

Diagonal View

Side View

After
Shearing:

Top View

Diagonal View
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Shearing Matrix

ZX direction shearing Matrix with Displacement _ ' | 7 |,
X Y z . Example: Shyz = 0.5, Xref =1 l 3_5 (l] ? [}0_5*{”
x[1 0 0 0 o 0 o 1
MzxShear= v| 0 1 (1] (1] I 1
Z Shxx 0 1 Shex*Xref Euf.g _ﬂg.g
(1] L] (1] 1 - .

MzxShear will lean the object towards Z direction.

Shzx:
X increase by 1 unit, Z increase by Shzx unit.
Xref:

180 I "0 A A A

T T T A
L

. A

A

Shearing reference point on X axis

For every P = (X,Y,Z) in the object, after shearing P’ = |
x,Y',2) H

X =X

Y=Y

Z' =Z + Shzx * (X — Xref)

Shearing Angle
x=1
Example:
g=05

Shxy = tan(ShearingAngle) = 0.5
P =(0,0,0) > P'=(0,0,-0.5)
P =(2,0,0) 2> P'=(2,0, 0.5)

Before
Shearing:

After
Shearing:

Front View

INENENEENEEEERE T O A A

Top View Diagonal View

Side View

Front View

Side View
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Shearing Matrix

X Y ¥/
ZY direction shearing Matrix with Displacement e T o o
Z| 0 05 1 -0.5%(1)
X ¥ z . Example: Shyz = 0.5, Xref = 1 o 0o 0 1
x| 1 0 L} L} J
MzyShear= v 0 1 0 0 HEH
0 Shey 1 -Shay*Y ref i
L} 0 L} 1

MzyShear will lean the object towards Z direction.

Shzy:
Y increase by 1 unit, X increase by Shzy unit.
Yref:
Shearing reference point on Y axis
For every P = (X,Y,Z) in the object, after shearing P’ =
(X!,Y!,Z!)
X =X
Y=Y
Z'=Z+ Shzy * (Y — Yref 5 +
v ) Shearing Angle
=05
y=1

Example:

Shxy = ctn(ShearingAngle) = 0.5
P =(0,0,0) 2 P'=(05,0,0)
P =(2,0,0) 2> p'=(25,0, 0)

S mEE e ———

e o

Before
Shearing:

After
Shearing:

Top Vi Di | Vi
Front View Side View op View lagonal View
Front View Side View TOB View
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Affine Transformation

Affine Transformation: Affine Transformation Matrix:

A coordinate transformation of the form Shearing Matrix
X=a,X+a,Y+a,+b,
Y=a,X+a,Y+a,Z+b, X ¥ Z
7 = aZXX + asz + azzZ + bx X dxx dAxy Axz bx
Y | fAyx 1 Ayz by
. Z rx Axy | b
Properties: 0 0 0 I

— Parallel lines are transformed into parallel
lines

— Finite points are mapped to finite points,
although location might change for those
points.
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Case Study 3

Question: After multiple dimensional shears, are the parallel lines still parallel?

Case Study Setup:
Assume in the world

coordinates we have one color Cyan
cube of size two, whose front is
red.
colorcube4 (): Re o
The front left right vertex Yellow
is at (0,0,0)
Goal: Yoo

We will observe how mutiple
shears will transform the cube..

Front View Side View Top View Diagonal View
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Answer: Yes, shearing is affine transformation, which
means parallel lines continue to be parallel lines

Shearing Matrix

Example 1:
Front View Side View Top View
X Y ¥
X 1 05 05 0
Y| 05 1 0.5 0
Z|1 05 05 1 0
0 0 0 1
Example 2:
X Y ¥ i i “
X 1 025 0.3 0 |:> [ 1|
Y| 05 1 0.2 0 \ ] gy '
Z| 03 05 1 0 S il T S B N sl
0 0 0 1 HE
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Case Study 4
Shearing of Three Cubes

Case Study Setup:

Assume in the world coordinates we Cyan
have three cubes of size two. One
cube’s front is red, the second one’s Purple Cyan
front is green, the third one’s front is ~ Vellow 'Pm
yellow.

Cyan
Cube (1): centered at (-3,0,-1) el ‘mw’
Cube (2): centered at (3,0,-1)
Cube (3): centered at (0,0,-3)

Goal: Front View Top View Side View

i

We will test the effect of shearing
on the view of three colored cubes.

© 2004, Tom Duff and George Ledin Jr
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Case Study 6, continued
- Shearing of 3 cubes

Before Shearing Shearing Matrix

Front View Top View Side View

. 1 0.25 0.3

e Ll
| —
Lk LHy
[T
th
ol )
[ £
_— i

After Shearing

Front View Top View Side View
Note:

Color inversion occurs when, due to the
| Y

limited view space of the camera, those

] | L ! | portion of the objects which are outside the
| . . . viewspace are cut off and their inside color is
- | | show instead of their outside color.

(See Top View after shearing)

© 2004, Tom Duff and George Ledin Jr 21



Case Study 5
What will happen if you use singular matrix for shearing?

Singular matrix:
— The matrix whose determinant is O.

— Therefore, if the singular matrix is used for transformation, this
will not be affine transformation. Because there is no inverse
matrix and no way to transform back.

If you use singular matrix for shearing, you will see only blank
screen after the shearing.

© 2004, Tom Duff and George Ledin Jr
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N

=

Shearing Mairix

Y r
1 1
1 1
1 1
0 0

Front View

Side View

Top View
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X Y L

J 13 07 0
Y 0.8 2 1 0
Zlod4 1 05 0O
0 0 0 1

s

Top View

O

Front View Side View

BEE
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o

2 -3 -1 ]
-1 L5 05 0
-2 -3 1 0
0 00 1

Front View

O

Side View

Top View
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